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DISCRETE 
IN[~], DELICNE and Sullivan proved that a complex vector bundle with a discrete 
structure group and base a compact polyhedron becomes trivial over a suitable finite 
cover of the base. Since seventeen years previous to [5], Milnor 1101 had proved that the 
rational Euler class of a real vector bundle with a discrete structure group need not 
vanish, Deligne and Sullivan were led to ask whether the Euler class was the only 
obstruction in the real case. The purpose of this paper is to answer this question in the 
negative. We now explain how our construction is a natural generalization of that of 
Milnor. 
We begin by recalling the definition of a vector bundle with a discrete structure 
group over a topological space X. Let I be the fundamental group of X and let 
I+.% + X be the universal cover of X. This cover is a principal I bundle; hence, 
given a representation p :r+ GL(n, R) we may form the associated vector bundle 
which we denote &,. A vector bundle over X is said to have a discrete structure group 
if it is obtained in this way. We now examine Milnor’s construction. Let %(2, R) 
denote the universal cover of SL(2, R). Then we have an extension Z + c(2, R) + 
SL(2, R). If p : r + SL(2, R) is a homomorphism, then the above extension induces an 
extension Z+r+I’ which is classified by a cohomology class 4 E HZ (r, Z). Milnor 
shows that in case r is the fundamental group of a compact surface X then 4 is the 
Euler class x(&J of the vector bundle &,. He then constructs p so that x(5,) # 0. Since 
,y(&,) is natural and belongs to the highest dimensional cohomology group of a 
compact orientable manifold, the Euler class of the lift of 5, to any finite cover of X 
is not zero. Consequently no lift of 5, is trivial because it has a non-zero Euler class. 
Since the Euler class and the extension determine each other we observe that 
x(6,) # 0 is equivalent to the result that the above extension of I never becomes 
trivial when restricted to a subgroup of finite index in I. We now propose to 
generalize these ideas to higher dimensional vector bundles. 
Let SL(n, R) denote the universal cover of SL(n, R). We now assume n 2 3 and 
consequently we obtain a central extension Z/22+&n, R)-, SL(n, R). If p: r+ 
SL(n, R) is a homomorphism, then we obtain an induced extension Z/22 + i; -+ I which 
we denote by Ep. This extension is classified by a cohomology class 4 E H2(I’, z/22). 
We prove the analogue of Milnor’s first result by proving that if I = n,(X) for some 
topological space X and 5, is the vector bundle over X associated to p then 
4 = w2(&,) where w2 denotes the second Stiefel-Whitney class. We then construct for 
each n 2 3, a finite polyhedron X which is a space of type K(I, 1) and a represen- 
tation p : r+ SL(n, R) so that the lift of 5, to any finite cover of X has non-zero 
second Stiefel-Whitney class. If L is a trivial line bundle over X then .$ @ L is a 
bundle with vanishing Euler class so that no lift is trivial. Consequently we obtain a 
negative answer to the problem posed by Deligne and Sullivan. 
We also obtain the following theorem in group theory. Let 19 be the ring of integers 
in the real quadratic field Q(dp), where p is a rational prime p = 7 mod 8. Then by 
choosing an embedding of Q(Vp) into R we obtain p : SL(n, CT)-, SL(n, R) and 
consequently an extension Z/22 + SI_.(n, 19) + SL(n, 6). We prove that this extension 
does not become trivial when restricted to any subgroup of finite index of SL(n, B), 
consequently the group SL(n, 6) is not residually finite. We note that SL(n, 6) is a 
lattice in &n, R) x S?;(n, R). 
84 JOHN J.MILLSON 
We would like to thank W. Dwyer, Ronnie Lee and Chih-Han Sah for helpful 
conversations, and J. P. Serre for telling us about his own results on I-fold extensions 
of Sp(n, Z) (I 2 7) similar to those of the previous paragraph and for suggesting 
Lemma 3.1. Finally, we dedicate this paper to the memory of George Cooke, a friend 
and teacher for many graduate students at Berkeley during a troubled time. 
$1. A FORMULA FOR THE SECOND STIEFEL-WHITNEY CLASS 
Let A and C be groups with A abelian. Then an extension of A by C is an exact 
sequence 
A*GIr-C. 
We recall the definition of the characteristic cohomology class 4 E H’(C, A) of such 
an extension. Let v and 7 be elements of C and u,, U, and U, be inverse images of u, 
T and ~7 respectively under r. Then we define an inhomogeneous cochain 4 on C 
with values in A by the formula 
4 is easily seen to be a cocycle and we recall the extension A + G + C is equivalent to 
a product extension if and only if the class of 4 in H’(C, A) is trivial. 
We note that the class 4 is natural in the following sense; if f : C’+ C is a 
homomorphism and 4’ is the characteristic class of the induced extension then 
Now if s?;(n, R) is the universal cover of SL(n, R) and n > 2 we have a central 
extension of groups to be denoted henceforth as E 
Z/22 - s(n, R) - SL(n, R) 
and hence a characteristic class 4 E H’(SL(n, R), Z/22). 
Now let I be a discrete group and p : r + SL(n, R) a group homomorphism. Then 
we have an induced extension E, given by 
z/2z-K-r 
with chazcteristic class 4 E H*(I’, Z/22). Let BI be the classifying space for I and 
let I+BI+BI be the universal cover for BI. Then associated to p Fe have the 
vector bundle [,, and the bundle of bases Pp with total spaces BIxr R” and 
BT cr SL(n, R) respectively. We recall that a spin structure for &, is a cover p,, of P, 
so that the following diagram is commutative 
We recall that the second Stiefel-Whitney class w2 of 5, is the obstruction to finding 
such a cover. 
LEMMA 1.1. WZ<&> = 0 if and only if 4 = 0. 
Proof. Since Pp = mxrSL(n, R) = @x&(n, R) we have I, = T. If the ex- 
tension E, is trivial then there exists A C T mapping isomorphically to I. Then define 
pp = @x&.(n, R). Conversely if the cover pp exists, let A = image II,( Then A 
maps isomorphically to r under the projection F + I and consequently E, is trivial. 
LEMMA 1.2. Let 7) be the bundle over the Eilenberg-MacLane space K(SL(n, R), 1) 
associated to the usual action of SL(n, R) on R”. Then 
w2(17) = 4. 
Remark. 77 is the universal n-dimensional bundle with discrete structure group 
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Proof. Since 4 and ~~(77) are linear forms on the Z/22 vector space &(SL(n, R), 
z/22) it is enough to show ker 4 = ker w*(q). Let x E H2(SL/n, R), Z/22) and let 
f : X + K(SL(n, R), 1) be a singular 2-chain representing x. We must show ~*c#J =0 if and 
only if f*w*(q) = 0. But if 7r = r,(X) we have the following diagram 
f 
X A K(SL(n, R), 1) 
\/’ 
8 
B77 
Since g* : H2(X, Z/22) + H2(~, Z/22) is onto we can reduce to the case that X is a space 
of type K(n, 1) and we then apply Lemma 1.1. 
We now obtain the following theorem by naturality. 
THEOREM 1. Let X be a finite polyhedron with fundamental group r. Let f: X + 
K(SL(n, R), 1) be the classifying map for a flat bundle 5. Let f*: m --* SL(n, R) the 
induced map of fundamental groups and Z/22+ ii-r the induced extension. The 
characteristic class of this extension may be identified with an element i(4) E 
H’(X, Z/22) under the canonical inclusion i : H*(n, Z/22) + H*(X, Z/22). Then we have 
w2(5) = i(b). 
Remark. There is a somewhat shorter algebraic proof which goes as follows. We 
first observe that the characteristic class 4 may be described as follows. Let 
L E H’(A, A) be the canonical class. Associated to the extension A + G + C there is 
a Hochschild-Serre spectral sequence [7]. Let T : H’(A, A) --, H*(C, A) be the trans- 
gression. Then 
#J = Y(L). 
Now the extension Z/22+ %(n, R)+ SL(n, R) of abstract groups maps to the 
extension of topological groups obtained by giving SL(n, R) its usual topology. For 
this latter extension it is immediate that 7~ = w2 because H*(BSL(n, R), Z/22) = Z/22. 
The tlieorem then follows by naturality. 
COROLLARY 1. Let e be a vector bundle over a finite polyhedron X with discrete 
structure group SL(n, Z). Then there exists a finite cover of X so that the induced 
bundle has zero second Stielfel-Whitney class. 
Proof. We can assume n 2 3 since the classifying space of a suitable subgroup of 
finite index of SL(2, Z) has the homotopy type of a l-dimensional complex. In 
Milnor[ll], p. 92, it is shown that the generator of Hz(SL(n, Z), Z/22) maps to a 
generator of HT(SL(n, z/42), z/22). Moreover in[6], p. 223, it is shown that 
H*(SL(n, Z/42), Z/22) = Z/22. Hence we have an isomorphism 
H*(SL(n, Z/4Zj, Z/22) - H*(SL(n, Z), Z/22). 
Since ,$ has structure group SL(n, Z) there exists a representation p : SL(n, Z)-+ 
SL(m, R) so that ,$ = &. The extension E, of SL(n, Z) induced by the map p is either 
trivial or else it coincides with the pull-back of the non-trivial extension of SL(n, Z/4Z). 
In this case we consider the restriction of E, to r(4), the congruence subgroup of 
SL(n, Z) of level 4. The resulting extension is induced by the composition 
r(4) - SL(n, Z) - SL(n, Z/42). 
Since this composition is trivial the corollary follows. 
COROLLARY 2. Let 5 be a vector bundle over a finite complex X with structure group 
reducible to SL(3, Z). Then there is a finite cover of X so that the lift of 5 to this cover 
is trivial. 
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Proof. It is well-known, see Bourbaki[4], p. 272, that I(4) is torsion-free. 
Consequently, by Ash[l], the space BI’(4) has the homotopy type of a 3-dimensional 
complex. Let 5 = 5, be a vector bundle over BSL(3, Z) associated to a representation 
p : SL(3, Z) + SL(n, R). Then p restricts to a representation p : r(4) -j SL(n, R) which 
induces a classifying map BP : Br(4) --, BSL(n, R) for the pull-back of the bundle ,$ to 
er(4). But wz have just sezn that B,*w* = 0 consequently B, lifts to a map 
B, : BI’(4) --, BSL(n, R). But BSL(n, R) is three-connected; hence 5 is trivial. 
Now suppose 5 is a vector bundle over a finite complex X associated to a 
representation p : r,(X) + SL(3, Z). Then p-‘(r(4)) has finite index in m,(X) and the 
lift of 5 to the covering of X corresponding to p-‘(r(4)) is trivial by the previous 
paragraph. 
It would be interesting to know whether the conclusion of Corollary 3 is true for 
all n. 
$2. SOME HOMOLOGY CLASSES IN H#L(n, B), Z) 
Let G be a finitely presented group satisfying G = [G, G]. We recall the theorem 
of H. Hopf [8]. Let R --*F + G be a presentation of G; hence, F is a free group. Then 
H2(G 
9 
Z) s rF9 F1 ’ R 
L&F1 ’ 
Thus by Hopf’s Theorem every homology class in E&(G, Z) corresponds to a family 
&I, hl,&, h2, . . . g., h.) such that ic, [gi, hi] = 1 where [gi, hi] = gihgi-‘hi-‘- NOW suppose 
we are given a central extension A+ c+ G with characteristic class 4, and that 
z = ?I [gi, hi] is an element in H2(G, Z). By the universal coefficient theorem z gives 
i=l 
rise to f, an element of Hr(G, A). The following lemma follows immediately from the 
definition of 4. 
LEMMA 2.1. Choose any lifts gi, h;: of gi and hi to d for i s i 5 n. Then 
Now let R be a ring so that SL(3, R) is perfect. If a, b are units in R we define the 
symbol {a, b} E H2(SL(3, R), Z) as the homology class corresponding to the pair of 
commuting matrices (A, B) where A is the diagonal matrix with diagonal entries 
(a, a-‘, 1) and B is the diagonal matrix (b, 1, b-l). The symbol {a, b} has the following 
easily verified properties: 
(1) II : R + R’ is a homomorphism of rings, then II,{a, b} = {IIa, IIb} where 
II.: H2(%(3, R), Z) - H2(SL(3, R’), Z) 
is the induced homomorphism. 
(2) {a, b} + {a’, b} = {aa’, b}. 
We now let R be any subring of the real numbers containing the subring 2. 
Consequently we have (-1, -1) E SL(3, R). Since SL(3, R) C SL(3, R) we have an 
extension Z/22+=(3, R)+ SL(3, R) induced by restriction of E. Let 4 be the 
characteristic class of this extension. 
LEMMA 2.2 
M-1, -11) # 0. 
Proof. It is sufficient to prove this for SL(3, Z). Let A E SL(3, Z) be the diagonal 
matrix with diagonal entries (- 1, - 1, 1) and B E SL(3; Z) be the diagonal matrix with 
diagonal entries (-1, 1, -1). Then in fact A, B E SO(3, Z) = SO(3) fl SL(3, Z) and 
therefore to compute A, B the inverse images of A and B respectively we have to find 
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elements in Spin 3 which project to A and B under the cover Z/22 + Spin 3 + SO(3). 
But recalling the isomorphism Spin 3 = S3, we find that A = k, B = j are inverse 
images. Since jk jk = -1 the lemma is proved. 
COROLLARY. The extension Z/22+=(3, R)+ SL(3, R) is not trivial. 
53. THE CONSTRUCTION OF X AND p 
Let K = Q(vp) be the extension of Q obtained by adjoining a square root of a 
rational prime p(p > 0) to Q. Then K has two embeddings j, and j2 into R. Let 6 
denote the ring of integers in K and let @ = SL(n, 6) with n 2 3. Then the map 
y + (j,(r), j*(y)) embedds @ as a discrete subgroup of SL(n, R) x SL(n, R) which we 
will identify with a. The group @ then acts on the symmetric space P, x P. of 
SL(n, R) x SL(n, R) where P, is the space of unimodular positive definite symmetric 
matrices. If I? is a torsion-free congruence subgroup (which exists by Borel[31, 
Proposition 2.3) then l?\P,, x P, is homotopy equivalent to a finite polyhedron X by 
Raghunathan[l3]. Since P,, X P, is contractible, X is a space of type K(r, 1). 
Now the embedding j,: 6 + R induces a homomorphism, SL(n, 6)+ SL(n, R). By 
restricting to r we obtain p : r + SL(n, R) and consequently a bundle 5 over X. The 
rest of the paper will be devoted to the proof of the following theorem. 
THEOREM 2. Suppose p = 7 mod 8 then the extension 2122-t j? +I? induced by 
restricting the extension E to any subgroup of finite index r in @ is not trivial. 
Proof. We note that it suffices to prove Theorem 2 in the case n = 3. By Lemma 2.2 
we know that the extension Z/22 + & + @ is not trivial. We denote this extension by V. 
We owe the next lemma to J. P. Serre. 
LEMMA 3.1. Suppose there exists a subgroup r C @ of finite index in @ so that the 
restriction* of u to r is trivial. Then there exists a homomorphism II:@+* of @ to a 
finite group V and a central extension v of q so that KI*q = v. 
Proof. Since the restriction of v to r is trivial we have the diagram 
The image T of r in 6 is of finite index in &. By passing to a further subgroup of finite 
index we may assure T is normal in 4. Now let V = a/r. We have a mapping of 
extensions 
z/22 -+ z/22 
I I 
Hence if 71 denotes the above extension of 9 then II*71 = Y and Lemma 3.1 is proved. 
It remains to show that Y is not induced by mapping @ to some finite quotient q. 
We recall the definition of a congruence subgroup of a. Let a be an ideal in K. Then 
the congruence subgroup of level a of 0, to be denoted r(a), is defined by 
I’(a)={A E @:A = 1 moda}. 
It is easily seen that the quotient @/r(a) is the special linear group of the finite ring 
~/CM. We then have the deep theorem of Bass, Milnor, Serre[2]. 
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THEOREM. Any homomorphism n : @ +? to a finite group V actors through the 
special linear group of a finite ring C?la0 for some ideal a in K; that is, we have the 
diagram 
where f is reduction module a. 
As a consequence of the above theorem it is enough to prove the following lemma. 
LEMMA 3.2. Let a be an ideal in K and let f :@ * SL(n, 0/aS) be reduction modulo 
a. Then there exists no extension q of SL(n, 0/aB) so that f*q = V. 
Proof. We let ? = SL(n, 0/aO). We may factor the ideal a as a = 9,‘18~. . . 92 
where 8,, 92,. . . ,9, are primes in K. Suppose there exists (Y E H’(?, Z/22) so that 
f*o = w2. It follows from Dennis and Stein[6], Theorem 5.1, that iY#P, Z) has order 
pp. . . p:’ where 9j divides the rational prime pk Since p is perfect we find 
H’(q, Z/22) = (0) unless 9’j = 90 for some j where 9’0 is the unique prime divisor of (2). 
Thus we can assume a = Poe with e L 1. However, by Hensel’s Lemma -1 is a 8,, 
-adic square (it is sufficient to prove - 1 is a square mod 8 but - 1 = (d/p)* mod 8). By 
the bilinearity of the symbol {a, b} we find then that the integral homology class 
f*{-1, -11 E H2W, Z) ’ d is ivisible by 2 and consequently is annihilated by any mod 2 
cohomology class (Y. But this contradicts the assumption that f*a = w2 since 
~~((-1, -1)) = czcf.{-1, -1)) is not zero. With this contradiction Lemma 3.2 is 
established. 
COROLLARY. There does not exist a finite cover f :X’+X so that 
w*(f*tp) = 0. 
Proof. Suppose such a finite cover exists. Then let I’= f*Ti(X’). Consider the 
restriction of the extension v to I’. It has characteristic class f*& = f*w2(&) = 0; 
hence, it is trivial. But this contradicts Theorem 2. 
Remark 1. J. P. Serre has informed us that Deligne has devised a trick that allows 
one to deduce Theorem 2 without any hypothesis on p (and also the result of Serre 
mentioned in the introduction) from the deep results of Moore[l2]. 
Remark 2. The results of this paper can be extended to show that there exists no 
finite cover f : X’ + X so that f * w3 = 0. One replaces the integral cycle {- 1, - 1) by the 
mod 2 singular 3-cycle in BSL(3,6) obtained by mapping RP* x RP’ into BSL(3,CV by 
sending the generator of 71.,(w) to the diagonal matrix with entries (-1, -1,1) and the 
generator of RP’ to the diagonal matrix with entries (- 1, 1, -1). Then one considers 
the Hochschild-Serre sequence with integral coefficients associated to I + Cp + * 
where I is a congruence subgroup of @. In this way one constructs a torsion class in 
H3(SL(n, O), Z) which cannot be killed by passage to a subgroup of finite index, 
answering a problem posed by A. Borel. This last example was worked out in 
collaboration with Ronnie Lee. 
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